
Non-interacting particle systems and Wasserstein
gradient flows

Christian Léonard
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Aim of the talk

the heat flow is the Wasserstein gradient flow of the entropy

gradient flow

Wasserstein

convexity inequalities

large deviations do a good job
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Gradient flow in X

X = Rn

gradient flow equation{
θ̇t = −F ′(θt), t ≥ 0
θ0 = xo

hypothesis: F is K -convex ⇐⇒ F ′′ ≥ K Id, K ∈ R
semigroup: θt =: St(xo), t ≥ 0

Lyapunov function: d
dtF (θt) = −I (θt) ≤ 0, I := |F ′|2

contraction: |St(y)− St(x)| ≤ e−Kt |y − x |, ∀t, x , y
relaxation to equilibrium: |St(x)− x∗| ≤ e−Kt |x − x∗|, ∀t, x

I K > 0
I F ′(x∗) = 0



Gradient flow in X

F is K -convex

⇐⇒ t ∈ [0, 1] 7→ F (γxyt ) is K |y − x |2-convex, ∀x , y

⇐⇒ F ′(x)·(y − x) +
K

2
|y − x |2 ≤ F (y)− F (x), ∀x , y

⇐⇒ d

dt |t=0

1

2
|y − St(x)|2 +

K

2
|y − x |2 ≤ F (y)− F (x), ∀x , y

geodesic: γxy

recall: d
dt |t=0

St(x) = −F ′(x), I := |F ′|2

F (x)− F (y) ≤
√

I (x)|y − x | − K |y − x |2/2, ∀x , y



Gradient flow in X

F (x)− F (y) ≤
√

I (x)|y − x | − K |y − x |2/2, ∀x , y

equilibrium: F ′(x∗) = 0, normalization: F (x∗) = 0

K |y − x∗|2/2 ≤ F (y), ∀y (Talagrand)

F (x) ≤
√
I (x)|x − x∗| − K |x − x∗|2/2, ∀x (HWI)

F (x) ≤ I (x)/(2K ), ∀x (log-Sobolev)

relaxation to equilibrium: |St(x)− x∗| ≤ e−Kt |x − x∗|, ∀t, x
t 7→ F (St(x)) decreases

Rn  P(X )

F : free energy, I : Fisher information

| · | W2 : Wasserstein distance

(St)t≥0 : Fokker-Planck semigroup
I S is the W2-gradient flow of F



Gradient flow in X

De Giorgi minimizing movement

time step: τ > 0

ξτk+1 = argmin jτ (ξτk , ·), k ≥ 0

I jτ (x , y) := F (y)− F (x) + τ−1|y − x |2/2

θτt := ξττbt/τc, t ≥ 0, θτ0 = ξτ0 = xo

limτ↓0 θ
τ
t = St(xo), t ≥ 0

hint: ∂y j
τ (x , y) = 0 ⇐⇒ (y − x)/τ = −F ′(y)



Large deviations in CX

CX := C ([0,∞),X ){
dXεt = −F ′(Xεt) dt +

√
ε dWt , t ≥ 0,

Xε0 = xo

almost sure limit: limε→0 Xε = S(xo)

P(Xε ∈ A) �
ε→0

exp
(
−ε−1 infA I

)
, A ⊂ CX

I (ω) = ι{ω0=xo} + 1
2

∫
[0,∞) |ω̇t + F ′(ωt)|2 dt

argmin I = S(xo)



Large deviations in CX

X = Rn

time discretization: Xε,τt := Xεbt/τcτ , t ≥ 0

P(Xε,τ ∈ •) �
ε→0

exp
(
−ε−1 inf

•
I τ
)

I τ (η) = inf {I (η̃); η̃τ = η}
= ι{η∈Cτ,xoX } +

∑
k≥0 J

τ (ηkτ , ηkτ+τ )

Jτ (x , y)

= inf
{

1
2

∫
[kτ,(k+1)τ ] |η̇t + F ′(ηt)|2 dt; η : ηkτ = x , η(k+1)τ = y

}
= F (y)− F (x) + τ−1C τ (x , y)

C τ (x , y) = inf
{

1
2

∫
[0,1] |ω̇s |2 ds + τ2

2

∫
[0,1] |F

′(ωs)|2 ds ; ω ∈ Ωxy
}

I Ωxy := {ω ∈ C ([0, 1],X ) : ω0 = x , ω1 = y}



Gradient flow in X revisited

C τ (x , y) = inf
{

1
2

∫
[0,1] |ω̇s |2 ds + τ2

2

∫
[0,1] |F

′(ωs)|2 ds ; ω ∈ Ωxy
}

C τ=0(x , y) = |y − x |2/2

jτ (x , y) = F (y)− F (x) + τ−1C τ=0(x , y)

Jτ (x , y) = F (y)− F (x) + τ−1C τ (x , y)

LD minimizing movement

ξτk+1 = argmin Jτ (ξτk , ·), k ≥ 0

θτt := ξττbt/τc, t ≥ 0, θτ0 = ξτ0 = xo

limτ↓0 θ
τ
t = St(xo), t ≥ 0

proof: Γ- limτ↓0 I
τ = I



Optimal transport

X = Rn, X = M

µ0, µ1 ∈ P(X )

π ∈ Π(µ0, µ1) ⇐⇒ [π(dx ×X ) = µ0(dx), π(X × dy) = µ1(dy)]

Monge-Kantorovich problem

infπ∈Π(µ0,µ1)

∫
X 2 d(x , y)2 π(dxdy) =: W 2

2 (µ0, µ1) (1)

Benamou-Brenier formula

W 2
2 (µ0, µ1) = inf(µ,∇φ)

∫
[0,1]×X |∇φt(x)|2 µt(dx)dt

I µ := (µt)0≤t≤1, µ0, µ1 fixed
I ∂tµ+∇ · (µ∇φ) = 0



Optimal transport

Ω = C ([0, 1],X ), P ∈ P(Ω)

infP:P0=µ0,P1=µ1 EP

∫
[0,1] |Ẋt |2 dt = W 2

2 (µ0, µ1) (2)

EP

∫
[0,1]×X |Ẋt |2 dt =

∫
X 2 EPxy (

∫
[0,1]×X |Ẋt |2 dt)P01(dxdy)

≥
∫
X 2 d(x , y)2 P01(dxdy)

P ∈ sol(2) ⇐⇒
{

P(·) =
∫
X 2 δγxy (·)π(dxdy)

π ∈ sol(1)

⇐⇒
{

Ẍt = 0, P-a.s.
P01 ∈ sol(1)

µt := Pt , 0 ≤ t ≤ 1 defines a displacement interpolation
I natural candidate for a geodesic in P(X )



Optimal transport

P ∈ sol(2), µt := Pt

P is Markov (uneasy)
I hint: vt(Xt) = EP(Ẋt | Xt)
I dXt = vt(Xt) dt, P-a.s.
I ∂tµ+∇ · (µv) = 0
I no shock

vt ∈ {∇φ}
L2(µt)

I dXt = ∇φt(Xt) dt, P-a.s.
I ∂tµ+∇ · (µ∇φ) = 0



Otto calculus

W 2
2 (µ0, µ1) = inf(µ,∇φ)

∫
[0,1]×X |∇φt(x)|2 µt(dx)dt

I µ := (µt)0≤t≤1, µ0, µ1 fixed
I ∂tµ+∇ · (µ∇φ) = 0

d(x , y)2 = inf{
∫

[0,1] |ω̇t |2ωt
dt; ω ∈ Ω : ω0 = x , ω1 = y}

I ω̇t ∈ TωtM

Wasserstein metric (Otto)

µ̇t := ∇φt , ∂tµ+∇ · (µµ̇) = 0

TµtP(X ) := {∇φ}L
2(µt)

α̇t = ∇φt , β̇t = ∇ψt ,
〈
α̇t , β̇t

〉
µt

:=
∫
X ∇φt ·∇ψt dµt



W -gradient flow in P(X )

the heat flow is the Wasserstein gradient flow of the entropy

heat equation: ∂tµ = ∆µ

relative entropy: H(µ|m) :=
∫
X log(dµ/dm) dµ

entropy: H(µ) := H(µ|vol) =
∫
X µ logµ dvol

gradient flow: µ̇t = − gradW H(µt)

proof:
I gradW H(µ) = ∇ logµ

F d
dt
H(µt) =

∫
X logµt ∂tµt dvol = −

∫
X logµt ∇·(µt∇φt) dvol

=
∫
X ∇ logµt ·∇φt dµt = 〈∇ logµt , µ̇t〉µt

I µ̇t = − gradW H(µt)
F µ̇t = −∇ logµt

F 0 = ∂tµ+∇·(µµ̇) = ∂tµ−∇·(µ∇ logµ) = ∂tµ−∆µ



W -gradient flow in P(X )

Fokker-Planck equation

∂tµ−∇·(µ∇V /2) = ∆µ/2

µt = etLµ0, L = [−∇V ·∇+ ∆]/2

equilibrium: m = e−V vol

R ∈ P(CX )
I R0 = m
I dXt = − 1

2∇V (Xt) dt + dW R
t , R-a.s.

I R is m-reversible

Rµ0 :=
∫
X Rx µ0(dx) ∈ P(CX )

I µt = (Xt)#Rµ0



W -gradient flow in P(X )

F (α) = H(α|m)/2 = [H(α) +
∫
X V dα]/2

JτJKO(α, β) = F (β)− F (α) + τ−1W 2
2 (α, β)/2

JKO minimizing movement

ξτk+1 = argmin JτJKO(ξτk , ·), k ≥ 0

µτt = ξττbt/τc, t ≥ 0, µτ0 = ξτ0 = xo

JKO heuristic result

limτ↓0 µ
τ = µ



Large deviations in CP(X )

random dynamical particles: Z1,Z2, . . . iid(R)

empirical path measure: ẐN := 1
N

∑
1≤i≤N δZi ∈ P(CX )

limN→∞ ẐN(0) = µ0, P-a.s.

P(ẐN ∈ •) �
N→∞

exp

(
−N inf

P∈•
[ι{P0=µ0} + H(P|Rµ0)]

)



Large deviations in CP(X )

CP(X ) := C ([0,∞),P(X ))

empirical process: ZN = [t ∈ [0,∞) 7→ Z̄N(t)] ∈ CP(X )

P(Z̄N ∈ •) �
N→∞

exp
(
−N inf

•
I
)

I (ν) = ι{ν0=µ0} + inf{H(P|Rµ0);P ∈ P(CX ) : Pt = νt , ∀t}
argmin I = µ : solution of FP equation



Large deviations in CP(X )

I (ν) = ι{ν0=µ0} + inf{H(P|Rµ0);P ∈ P(CX ) : Pt = νt , ∀t}
η ∈ CX , ητt := ητbt/τc

P(Z̄N,τ ∈ •) �
N→∞

exp
(
−N inf

•
I τ
)

I τ (ν) = ιCτν0
(ν) +

∑
k≥0 J

τ
LD(νkτ , ν(k+1)τ )

JτLD(α, β) = inf{H(p|R[0,τ ]); p ∈ P(Ωτ ) : p0 = α, pτ = β} − H(α|m)

I Ωτ = C ([0, τ ],X ), R[0,τ ] ∈ P(Ωτ )



LD gradient flow in CP(X )

Γ- limτ↓0 I
τ = I

µτ := argmin I τ , µ : solution of FP equation

limτ↓0 µ
τ = µ

LD minimizing movement

ξτk+1 = argmin JτLD(ξτk , ·), k ≥ 0

µτt = ξττbt/τc, t ≥ 0, µτ0 = ξτ0 = xo



LD gradient flow in CP(X )

heuristic result (JKO)

the FP flow is the W-gradient flow of the free energy

rigorous result

the FP flow is the LD-gradient flow of the free energy



LD gradient flow in CP(X )

JτLD(α, β) = inf{H(p|R[0,τ ]); p ∈ P(Ωτ ) : p0 = α, pτ = β} − H(α|m)

Schrödinger problem

time reversal, −→v = v cu + vos, vos = ∇ log
√

dµ/dvol

H(p|R[0,τ ])− H(p0|m)
= Ep

∫
[0,τ ] |
−→v t |2/2 dt

= [H(pτ |m)− H(p0|m)]/2 + Ep

∫
[0,τ ]
|v cut |2/2 dt︸ ︷︷ ︸

O(τ−1)

+Ep

∫
[0,τ ]
|vost |2/2 dt︸ ︷︷ ︸
O(τ)

JτLD(α, β) = F (β)− F (α) + τ−1W 2
2 (α, β)/2 + O(τ)

I F (α) = H(α|m)/2
I JτJKO(α, β) = F (β)− F (α) + τ−1W 2

2 (α, β)/2



Perspectives

numerical scheme: JτLD is used in practice to compute JτJKO
I speedlight algorithm (Cuturi)
I Mokaplan team (Benamou, Peyré, Brenier, Carlier, ...)

gradient flows/curvature lower bound on graphs

gradient flows related to nonlinear dissipative PDE’s (biology?)
I reaction-diffusion



happy birthday Sylvie


