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Aim of the talk

the heat flow is the Wasserstein gradient flow of the entropy

@ gradient flow
o Wasserstein
@ convexity inequalities

@ large deviations do a good job
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Gradient flow in X

e X =R"

gradient flow equation
b = —F'(6), t>0
0o = Xo

hypothesis: F is K-convex < F”" > KId, K e R
semigroup: 6; =: S¢(x,), t>0

@ Lyapunov function: 2 F(6:) = —1(6:) <0, | :=|F'|?
@ contraction: 1S:(y) — Se(x)| < e Ktly — x|, Vi, x,y
@ relaxation to equilibrium: 1Se(x) — x| < e KEx — x|, Vt,x

K>0
F'(x)=0




Gradient flow in X

F is K-convex
— te[0,1]— F(Y) is K|y — x|*-convex, Vx,y
K
= FO)ly=x)+3ly —xP < F(y) = F(x), Vx,y

d 1 , K )
i Dy —xP<F(y)—F
dt\t202’y Se(x)| + > ly — x| < F(y) (x), Vx,y

@ geodesic: Y
@ recall: %hzost(x) =—F'(x), |:= ]F/|2

F(x) = F(y) < VIX)y —x| = Kly = x[*/2,  Vx,y




Gradient flow in X

F(x) = F(y) <VIX)ly —x| = Kly =x[?/2,  Vx,y

e equilibrium:  F'(x.) =0, normalization: F(x.) =0
° Kly — x|?/2 < F(y), Vy (Talagrand)
° F(x) < VI(X)|x — x| — K|x — x]?/2, V¥x (HWI)
° F(x) <I1(x)/(2K), V¥x (log-Sobolev)
e relaxation to equilibrium: 1Se(x) — x| < e Kx — x|, Vi, x
o t > F(S¢(x)) decreases

R” ~~» P(X)

o F: free energy, [: Fisher information

@ ||~ Wh: Wasserstein distance
@ (5¢)¢>0 : Fokker-Planck semigroup
S is the W-gradient flow of F




Gradient flow in X

De Giorgi minimizing movement

@ timestep: 7 >0
© (i =argminj7(§L,0), k=0

> JT(xy) = F(y) = F(x) + 77y — x?/2
e 0] ::g;WTJ, t >0, 05 = &5 = Xo

|im7—¢0 0] = St(Xo), t>0

@ hint: OjT(x,y) =0 <= (y —x)/7=—F'(y)



Large deviations in Cy

e Cx = C([0,00), X)

dX$ = —F/(X§) dt + /e dW;, t>0,
Xb = Xo

@ almost sure limit:  lim._,0 X = S(xo)

P(X¢ € A) =< exp(—etinfal), ACCx

e—0

[+ I(LU) = [’{UJO:XO} + % f[opo) ‘wt + F/((.Ut)‘z dt

e argmin/ = S(x,)



Large deviations in Cy

e XY =R"
@ time discretization: Xy" := Xli)rjr t20

P(X*T € o) =, &P (—6_1 inf /T)

o I"(n) = inf{I(7}); 7" =n}
= L{nec}»m} + Zkzo JT(nkr, 77k7-+-r)
o J(x,y)
= inf {% f[kr,(k+1)r] |ne + F'(ne)
= Fly) = F(x) +771C7(x, y)
o C"(x,y) =inf {% f[071] |ws|? ds + %2 f[071] |F'(ws)|]?ds ; we Qxy}
» Y= {we C([0,1],X) : wp = x,w1 =y}

|2 dt;n k- = X Nk+1)r = Y}



Gradient flow in X revisited

C7(x,y) = inf {% f[O,l] |cos|? ds + %2 f[0,1] |F/(ws)|?ds ; we Qxy} J

o (™x,y) =y —x[*/2
o jT(x,y) =F(y) — F(x)+71C"(x,y)
o JT(x,y) = F(y) = F(x) +771C7(x,y)

LD minimizing movement
o (i =argminJT({,), k>0

e ldl=c7, o =0 = Er=

|im7-¢o 9{ = St(Xo), t>0

@ proof: M-limeo /™ =1



Optimal transport

e X=R" X=M
® po, 1 € P(X)
o m € M(uo, 1) <= [m(dx x X) = po(dx), (X x dy) = pa(dy)]

Monge-Kantorovich problem
infwen(/toym) f)ﬂ d(X7 y)2 W(dXdy) =: W22('UJ07 Nl) (1)

Benamou-Brenier formula

o W3 (uo, u1) = inf(,,v6) Jjo.apx e [VO(x)[? pe(dx)dt

pi= (pe)o<e<1, Mo, pa fixed




Optimal transport

e Q=C(C([0,1],X), PeP(Q)
ian:Po:umPl:m Ep f[0,1] |Xt|2 dt = W22(,u0, 1) (2)
° Ep f[O,l]XX [ Xe* dt = Ja2 E'ny(f[O,l]xX [Xe|? dt) Poy(dxdy)

> fX2 d(x, y)? Po1(dxdy)

= [y2 0o (-) m(dxdy)
o Pesol2) «— { 7 € sol(1)

— X = 0, P-as.
P01 S SOl(l)

e =Py, 0 <t <1 defines a displacement interpolation
» natural candidate for a geodesic in P(X)



Optimal transport

e Pesol(2), ut:=P;
e P is Markov  (uneasy)
hint:  ve(X,) = Ep(X; | Xp)
dXt = Vt(Xt) dt, P—a.S.
O+ V- (pv)=0
no shock
L2
o v e Vg M
> dXt = V¢t(Xt) dt, P-a.s.
> O+ V- (uVe) =0

v vy VvYyy



Otto calculus

° W22(u07,u1) = inf(, ve) f[o,l]xX |V¢t(x)\2ut(dx)dt

poi= (pe)o<e<i, Mo, fixed
O+ V- (V) =0

o d(x,y)? = im‘{f[0 1 |2, dt; w € Q' wo = x,w1 = y}
> wr € Ty,M

Wasserstein metric  (Otto)
@ it := Vs, Ot + V- (up) =0
T,.P(¥) = (Vo]
® G = Vor, B = Vi, <dt’5t>m = [ Vér-Vibr dpis




W-gradient flow in P(&X)

the heat flow is the Wasserstein gradient flow of the entropy

@ heat equation: Oipp = Ap
o relative entropy:  H(u|m) := [, log(dp/dm)dp
e entropy: H(u) := H(ulvol) = [, plog pudvol
e gradient flow: i = —grady, H(ut)
@ proof:

> grady, H(u) = Viog

* L H(pe) = [, log pue Oepe dvol = — [ log e V- (1 Ve) dvol
= fx Viog pe- Ve due = (V |0gﬂt7ﬂt>m
> fie = —grady, H(s)

* L1y = —V log e
* 0= 0ep+ V() = Oep— V-(uVlog p) = Oep — Ap



W-gradient flow in P(&X)

Fokker-Planck equation
Oep = V-(uVV/2) = Ap/2

o ur = etbyg, L=[-VV-V+A]/2
e equilibrium: m = e~ vol
e Re P(Cx)
> RO =m
> dX; = —%VV(Xt) dt +dWfF, R-as.
» R is m-reversible
® Ry = [y Rcpo(dx) € P(Cx)
> e = (Xi’)#RHO



W-gradient flow in P(&X)

o F(a) = H(alm)/2 =[H(a)+ [, V da]/2

Jiola, B) = F(B) — F(a) + 7 1 WE(a, B) /2

JKO minimizing movement
® {iyq = argmin Jyo(6,0), k=0

® /’LI:gZ—-Lt/TJa t>0, o =& = Xo

JKO heuristic result
IimTJ,O W= p




Large deviations in Cp(x)

o random dynamical particles: Z',Z2,... iid(R)
e empirical path measure: ZN := % Yi<i<ndzi € P(Cx)

~

o limy_oo ZV(0) = po, P-ass.

IP(ZN € o) ioo exp (—N ,i:»nef.[L{PO:“O} + H(P\RMO)O




Large deviations in Cp(x)

° CP(X) = C([0,00),P(X))
e empirical process: ZM =t € [0,00) =+ ZV(t)] € Cpa)

P(ZN co) = exp <—Nirlf /)

N—o00

o I(v) = tfyy—po) T INfF{H(P|Ry,); P € P(Cx) : Pt = vy, Vt}

@ argmin/ =y : solution of FP equation



Large deviations in Cp(x)

° (V) = t{yy=po} +INfF{H(P|Ry,); P € P(Cx) : Pt = v, Vt}
° n€Cx, N =1Nrt/r|

P(ZNT c o) = exp (—Nirlf /T)

N—oo

o I"(v) = LCZO(V) + Zkgo o Wkrs V(ky1)r)

Jip(e, B) = inf{H(p|Rpo,n):p € P(Q7) : po = a, pr = B} — H(a|m)

» Q7 = C([O,T],X), R[O,T] S P(QT)



LD gradient flow in Cp(x)

o F—Iimwo =1

@ u” :=argmin/™, u: solution of FP equation

limzjop” = p

LD minimizing movement
o iy =argminJ[p(&f,), k>0
C MI:Q—U/TJ’ t>0, po =& = Xo




LD gradient flow in Cp(x)

heuristic result (JKO)
the FP flow is the W-gradient flow of the free energy

rigorous result
the FP flow is the LD-gradient flow of the free energy




LD gradient flow in Cp(x)

Jip(e, B) = inf{H(p|Rpo,-1); p € P(Q7) : po = o, pr = B} — H(a|m)

@ Schrodinger problem
o time reversal, V = v 4 v, % = Vlog v/ du/dvol

®  H(p|Ryo,-) — H(polm)
= Ep Jio.0q | Vel?/24t

= [H(p:|m) — H(polm)]/2+ £, |

0,7]

VE2/2 e+ Ep/ VS22 dit

0,7]

o(r=1) O(r)

Jipla, B) = F(B) — F(a) + 77 'Wi(a, 8)/2 + O(7)

» F(a) = H(a|lm)/2
> Jiola, B) = F(B) = F(a) + 7 Wi (e, ) /2



Perspectives

@ numerical scheme: J[ is used in practice to compute Jj,
» speedlight algorithm (Cuturi)
» Mokaplan team (Benamou, Peyré, Brenier, Carlier, ...)

e gradient flows/curvature lower bound on graphs

@ gradient flows related to nonlinear dissipative PDE's  (biology?)
» reaction-diffusion



happy birthday Sylvie




