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Our program:

1. A pathwise, individual-based representation of

the evolving genealogy (the tree-valued process)

that underlies a multitype Feller branching diffusion

with competition and fecundity selection.

2. Identification of 1. as the scaling limit

of the evolving genealogies

of the approximating finite population system.



Prototypical example:

A two-type continuum population with dynamics

dξAt = b ξAt dt +

√

ξAt dW
A
t

dξBt = −c ξAt ξ
B
t dt+

√

ξBt dW
B
t ,

with b, c > 0, and WA, WB independent Brownian motions.
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Finite population approximations:

NK
t = N

K,A
t +N

K,B
t

Each individual has neutral birth rate K/2

and neutral death rate K/2.

Each type A-individual has selective birth rate b.

Each type B-individual has competitive death rate c
K N

K,A
t .



The genealogy of the finite population at time t

is given by a coalescent tree Y Kt with NK
t leaves,

N
K,A
t of which carry type A and N

K,B
t of which carry type B.

time 0

time t

Y K0 Y Kt



Formally, Y Kt is an isomorphy class

of (semi-)ultrametric spaces of cardinality NK
t ,

N
K,A
t of whose elements are marked by A, and

N
K,B
t of whose elements are marked by B.

The “semi” appears

because we want to allow for pairs of leaves with genealogical distance 0,

which occur at birth times.
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time 0

time t

Y Kt



A representative of the isomorphy class Y Kt is obtained

by (bijectively) giving names 1, . . . , NK
t =: N to the leaves.

This leads to a pair (r, g), where

r = r(i, j)1≤i,j≤N is a semi-ultrametric distance matrix,

and g ∈ {A,B}N is a vector of types.

(r, g) is called marked distance matrix of size N .



Let us turn immediately to a description of the continuum limit

(K = ∞)

and come back to a limit theorem (K → ∞) at the very end.

For the latter, it will be good to have a handle on the limit candidate ,

so that we need not bother with tightness issues.



Our initial condition will be

• a (total) population size v0 ∈ R+

(thought of as the limit of NK
0 /K as K → ∞),

• a matrix (R0(i, j)), i, j ∈ N, of ultrametric distances

(the genealogical distances of pairs of individuals in an infinite random

sample from the population, visualised as a coalescent tree)

• a type configuration (G0(i)), i ∈ N

(the types of the drawn individuals)



Assumption: (R0, G0) is jointly exchangeable,

i.e. its distribution is invariant under finite permutation of the indices

X0 := (R0, G0) is thus an

exchangeable marked distance matrix.

We will construct a process (Xs)

taking values in the marked distance matrices,

which after “unlabelling the leaves”

and after a time change s→ t

gives the desired process (Yt).



One of our major players will be the total mass process

ξt = ξAt + ξBt

obeying

dξt = (bξAt − cξAt ξ
B
t )dt+

√
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One of our major players will be the total mass process

ξt = ξAt + ξBt

obeying

dξt = (bξAt − cξAt ξ
B
t )dt+

√

ξt dWt.

The time change t↔ s is given by

ds =
1

ξt
dt, ζs := ξt.

This time change (of Lamperti type)

is prominent already in the neutral world:

For b = c = 0, (ζAs /ζs)s is a standard Wright-Fisher diffusion.



Our major tool:

The “Lookdown” representation of Donnelly and Kurtz (1999).
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Our major tool:

The “Lookdown” approach of Donnelly and Kurtz (1999).

Two papers in Ann. Probab.:

DK99a: monotype systems with fluctuating population size

DK99b: multitype systems with constant population size

In these papers, the tree-valued processes are already implicit.

Gufler (EJP, 2018) defines the neutral lookdown space as the

completion of the neutral lookdown graph

and constructs U-valued processes on top of it.
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The neutral lookdown events are given by a family

L = (Lij)i,j∈N,i<j

of independent rate 1 Poisson point processes on R+.

A realization of L specifies

a realization of the lookdown graph,

as a collection of ancestral lineages (“geodescis”)

whose union is R+ × N.

R ... the time axis N ... the levels
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replacements
If k = j, then coalesce into (u, i).
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If k < j, then jump to (u, j − 1)

u ∈ Li,k

i k j − 1 j

time

levels

(s, j)



i3

replacements

Detail of a look-down graph: lines affected by a u ∈ Li,i+2
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Say a type configuration g admits type frequencies if

µg := lim
n→∞

1

n

n
∑

i=1
δg(i)

exists.

One of the classical results of Donnelly and Kurtz:

Let (G
(0)
s )s≥0, be the type transport

along the neutral LD graph.

Then (because of preservation of exchangeability)

G
(0)
s admits type frequencies, and

(µG
(0)
s (A))s is a standard Wright-Fisher diffusion.



Much will be achieved if,

with graphical ingredients additional to L,

we arrive at a type transport (Gs)s≥0

such that the total mass process obeys

dζs =
(

bµGs(A)ζs − cµGs(A)µGs(B)ζ2s

)

ζs ds+ ζs dWs,

where (Ws) is a standard Brownian motion.



Graphical ingredients for the “selective updates”:

a family (Ki)i∈N of independent Poisson point processes on

R+ × R+ × [0,1]× {∗, x} with uniform intensity.

If Ki has an atom at (s, z, w, ∗), and if

z ≤ bµ(Gs)(A)ζs,

then (s, i) gets type A

(think of the place (s, i) being taken by the newborn daughter

of a randomly chosen (lucky) type A individual,

and the individual previoulsy at (s, i) being moved

into the completion of {s} × N )



Graphical ingredients for the “selective updates”:

a family (Ki)i∈N of independent Poisson point processes on

R+ × R+ × [0,1]× {∗, x} with uniform intensity.

If Ki has an atom at (s, z, w, x), and if

z ≤ cµ(Gs)(A)(ζs)2 and Gs− = B

then (s, i) gets a type chosen from µ(Gs)

(think of the individual at (s, i) being replaced

by a randomly chosen individual;

”randomly chosen” implies chosen from the completion of {s} × N).



In summary our “sources of randomness” are

(I1) a standard Brownian motion W = (Ws),

(I2) a family L = (Lij)i,j∈N,i<j of independent rate 1 Poisson

point processes on R+,

(I3) a family (Ki)i∈N of independent Poisson point processes

on R+ × R+ × [0,1]× {∗, x} with uniform intensity.



Update rules for fecundity (∗) and competition (x) events:

q(h, g, v, z, w, ∗) :=











A if z ≤ b µg(A) v,

h otherwise,

q(h, g, v, z, w, x) :=











κ(µg, w) if z ≤ c µg(A) v2 and h = B,

h otherwise

where κ(µg, w) is a draw from µg, using w ∈ [0,1] as the “seed”.

In order to cast this into a system of SDE’s

we identify {A,B} with {0,1}.



The above defined update rules

are captured by the following infinite system of SDE’s

for the “neutral + selective transport of types”

Gs(j) = G0(j) +
j−1
∑

i=1

∫

[0,s]
(Gu−(i)−Gu−(j))dLij(u)

+
∑

1≤i<k<j

∫

[0,s]
(Gu−(j − 1)−Gu−(j))dLik(u) (1)

+

∫

[0,s]×R+×[0,1]×{∗,x}
(q(Gu−(j), Gu−, ζu−, z, w, σ)

−Gu−(j))Kj(du, d(z, w, σ)).



The above defined update rules

are captured by the following infinite system of SDE’s

for the “neutral + selective transport of types”

Gs(j) = G0(j) +
j−1
∑

i=1

∫

[0,s]
(Gu−(i)−Gu−(j))dLij(u)

+
∑

1≤i<k<j

∫

[0,s]
(Gu−(j − 1)−Gu−(j))dLik(u) (1)

+

∫

[0,s]×R+×[0,1]×{∗,x}
(q(Gu−(j), Gu−, ζu−, z, w, σ)

−Gu−(j))Kj(du, d(z, w, σ)).

together with the SDE for the total mass

dζs =
(

bµGs(A)ζs − cµGs(A)µGs(B)ζ2s
)

ζsds+ ζsdWs. (2)



Theorem 1.

The system (1)&(2) has a unique strong solution.

(For the case of constant population size and

fecundity selection, this is Theorem 4.1 in DK99b.)

Idea of proof: Iteration scheme,

initiated by the neutral type frequencies µG
(0)
s ;

coupling and Gronwall arguments for (1) and for (2),

combined with properties of the neutral lookdown space.



The solution G gives a colouring of R+ × N and

(by continuity) on the neutral lookdown space. This is used

to re-define the ancestral lineages (from neutral to selective)

as follows:

Say a point (s, i) ∈ R+ × N is active if

Ki has an atom in (s, z, w, ∗) for some z, w such that

z ≤ b µGs(A) ζs,

or if

Ki has an atom in (s, z, w, x) for some z, w such that

z ≤ cµ(Gs)(A)(ζs)2, and Gs−(i) = B.



If (back into the past) an ancestral lineage

arrives at an active point (s, ., ., x), then it is continued

from a point θ picked from the lookdown space

according to the neutral sampling measure

ms := lim
n→∞

1

n

n
∑

i=1
δ(s,i).

If it arrives at an active point (s, ., ., ∗), then it is continued

from a point θ picked from the lookdown space

according to the neutral sampling measure ms

conditioned on those points to which G assigns type A.



We have thus the full picture of selective ancestral lineages,

and obtain a new metric on R+ × N whose completion

has the same elements as the neutral lookdown space.

With a view on the time change s↔ t,

we re-define the distance of two points (s1, i1), (s2, i2)

that lie on the same selective ancestral lineage

as |t1 − t2| = |
∫ s2

s1

1
ζu
du|

(= the time it takes from one point to the other

when travelling at an intermediary point (u, j) with speed ζu).



We put Rs(i, j) := 2(t− t′)

if the two selective ancestral lineages merge

at some time s′ ∈ [0, s],

otherwise,

with (0, a) and (0, a′) being the two ancestors at time 0,

we define

Rs(i, j) := R0(a, a
′) + 2t.

We have thus constructed the process (ζ,X) = (ζ,R,G).



The final step: From (ζ,X) to (ξ, Y )

by unlabelling Xs and changing s to t:

For s ≥ 0, let

(Ts, Rs) := (N, Rs), ms := lim
n→∞

1
n

n
∑

i=1
δ(i,Gs(i))

Let ψ(Xs) be the isomorphy class

of the marked metric measure space (Ts, Rs,ms),

and put

Yt := ψ(Xs(t)), t ≥ 0,



Theorem 2

(ξ, Y ) solves a well-posed martingale problem

(ξ0, Y0) = (v0, χ0),

ΦF (ξt, Yt)−
∫ t

0
AΦF (ξu, Yu) du = martingale, F ∈ D.

where A contains the ingredients discussed above

(tree growth, neutral birth and death, competitive and fecundity events).



Theorem 2

(ξ, Y ) solves a well-posed martingale problem

(ξ0, Y0) = (v0, χ0),

ΦF (ξt, Yt)−
∫ t

0
AΦF (ξu, Yu) du = martingale, F ∈ D.

where A contains the ingredients discussed above

(tree growth, neutral birth and death, competitive and fecundity events).

In the core of the proof is Ethier-Kurtz Thm. 4.4.1.

Quote from its preamble:

“The following theorem (4.4.1) says essentially that a Markov process

is the unique solution of the martingale problem for its generator.”

And we can show that our (ξ, Y ) is Markov with generator A.



Theorem 3

(ξ, Y ) is the limit in distribution

of the processes (N
K

K , Y K) as K → ∞.

time 0

time t
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Theorem 3

(ξ, Y ) is the limit in distribution

of the processes (N
K

K , Y K) as K → ∞.

time 0

time t

Y K0 Y Kt

The proof uses Ethier-Kurtz Cor. 4.8.7, saying essentially that

convergence of generators implies convergence of processes if the limit

process exists, and the set of test functions D is well-behaved (in

particular convergence determining). Our D has the required properties.



A monotype harvest:

Generalized logistic Feller branching:

dξt =
(

ξt b(ξt)− ξ2t c(ξt)
)

dt+
√

ξtdWt,

dζs =
(

ζsb(ζs)− ζ2s c(ζs)
)

ζs ds+ ζsdWs.

L as before.



In the monotypic case ζ evolves autonomously from X,

hence Theorem 1 becomes unnecessary.

Because of exchangeability,

we can keep the neutral ancestral lineages,

define along them the distances by the time change with ζ,

and obtain the metrics Rs as above.



The analoga of Theorems 2 and 3 hold literally:

(ξ, Y ) solves a well-posed martingale problem

and (ξ, Y ) is the limit in distribution

of the processes (N
K
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The analoga of Theorems 2 and 3 hold literally:

(ξ, Y ) solves a well-posed martingale problem

and (ξ, Y ) is the limit in distribution

of the processes (N
K

K , Y K) as K → ∞.

This gives a symmetric counterpart to results of Pardoux & W. (2011, . . . ),

and Berestycki, Fontbona & Fittipaldi (2017), who treat

a “directed” interaction for a “left to right ordering” of the tree’s leaves,

leading to the same dynamics of ξ but to a different dynamics of Y .



Back to the coloured trees,

and to summarize who is who in (ξ, Y ):

ξt records the population size,

Yt knows about the type frequencies as well as

about the genealogical distances,

... and they evolve together.



We feel that this marriage

of population dynamic and population genetic concepts

is in the spirit of the programme

which you, dear Sylvie, have furthered so much,

through your mathematical power

and your scientific enthusiasm, and vision.

Ad multos annos fecundos!


